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Getting Started

AELTFEE

O BRIk ey EAE M o EIE ok 2R EEAHE (re-
& £ loop invariant, A3EBAEF cursion tree)
Sk EBEE o JFIEIEIE ik AE A mdE ik

O AR F ik 09478 B (running time)

3.1 SE1TANE

1 —BeAkER, FRAMEEH RS (pseudo code) Aediid —RITE 1L
([J513C]: We typically describe algorithms as programs written in a pseudo code.)

2. JEAACRS B < BCEr AU ETE Y, 7RIS, FRMERME AT i il | B iRk

BT AR R A E RO . AR, RIS UERER), BTLAREE R ATE <K
7 SR AR RR B 7, AN BB T .
([J13C]: What separates pseudo code from “real” code is that in pseudo code, we employ what-
ever expressive method is most clear and concise to specify a given algorithm. Sometimes,
the clearest method is English, so do not be surprised if you come across an English phrase or
sentence embedded within a section of “real” code.)

3. AR AN g AR 2 ] B 5 — M1 o 1) 2 Bl A UM 5 AN D TR A 25 T o
fEE M O R A, 0 B 2R g | A A AN S R ) R
([JR3C]: Another difference between pseudo code and real code is that pseudo code is not typi-
cally concerned with issues of software engineering. Issues of data abstraction, modularity, and
error handling are often ignored in order to convey the essence of the algorithm more concisely.)

4. P R B SRR IGO0 T LTI ), B n R A TN, MR R TIR ]
([J583C]: We shall usually concentrate on finding only the worst-case running time, that is, the
longest running time for any input of size n.)

5. PGB0 8 Bl S DR ) .

(58 3C]: The “average case” is often roughly as bad as the worst case.)

6. 0(n?) KL “theta of n-squared”,

([JF32]: 6(n?) (pronounced “theta of n-squared”).)

7. SRR AR AR AR DO T AT IR R R, IR R A B ) — R A
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([ 3C]: We usually consider one algorithm to be more efficient than another if its worst-case

running time has a lower order of growth.)

3.2 FERESTEEENEMEREITRERRN X

B, TE BRI IEMENE” Oy, FAE loop invariant (1% WEEIAREE) Tk,
o B — R Bk P IE MBS . FE <M BE A IEA TR ] Oy, AR A R [ R
] sk [EREE | s, R [ IEIERNE (recursion tree) | 5% [ &8 | Ak s3Hid 5k
FAIEEA T IRE ]

T2k, f#H insertion-sort(Algo. 3.1) B2 merge-sort(Algo. 3.3) Wil &%, R/~ fl A
TR0 CIEREMERE I B A TIR R A Ao

3.2.1 FHAEL5HT Insertion-Sort HIE & M4 E2iE 1THFE (running time)
1EBA UGB ARG, SekE A Ui loop invariant (I P A& i) Tk,

EZF= 3.1 (loop invariant 75i%)

1% ) loop invariant 7 i% %9 3 1B R, SRR ke B
WER 1. Akt ERENGBZAT, Binindb /B 2
([J& ] Initialization: It is true prior to the first iteration of the loop.)
FER 2. AN Bl BN B, B RGEAL, FETRERENBEE, &
PEAGAFAT I8 By B

([J& ] Maintenance: If it is true before an iteration of the loop, it remains true before the

next iteration.)
PR3, #abftt: FEBE RN, BRI BARKE AL,
([/& X] Termination: When the loop terminates, the invariant gives us a useful property

that helps show that the algorithm is correct.)

[ #5EH Insertion-Sort ;& & ;%R IEfETE]:

ACER 1. WA E—BAtG, RIEA for loop (Algo. 3.1 Y line 2) A, j = 2. FFLABILAH)
B, TS A[1.(-1)] = A[1..(2-1)] = A[1], BA T, WEECS&HF TR
Rz, Fir LA an AR (B8 2R BT

R 2. HMEREIR1: 7E for loop #, MEMEEKT] 5=k, BB A[j-1], A[j-2], A[j - 3], ... T&
HELASILE, 3 Al] WA AL (Algo. 3.1 (1 line 10), 18 TFli5] A[1..5] tESEm
TCETHER H CEHE o2 8, 5838, 58 for loop MEISHY 7, AR BIEME: (5T HETF)
(AN

HBR 3. K5 TE for loop #, #IEMRMAE j = Alength+1=n+1, # j=n+140A
Algo. 3.1 line 2 [¥J for loop. ItIE, FREF] A[1..n] & W ESCHI ST E s B E & H 0y (8
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Algorithm 3.1: An insertion-sort algorithm.

e e N AR W N =

— e
-

Inp

ut: An Array A.

Result: A sorted array A.
Insertion-Sort(A)
for j =210 A.length do

key = Alj];
1=4-1;
/l Insert A[j] into the sorted sequence A[1
while i > 0 and A[i] > key do
Ali+1] = Al1];
i=1i-1;
end
Ali+ 1] = key;

end

- J-11

PEAGAREST) 528 . S RE, insertion sort FI)7E 31 2 I HERY .

[43#T Insertion-Sort HYIE{THFE ] :

Algorithm 3.2: Time analysis of an insertion-sort algorithm.

o ® N AN AR W N =

10
11
12

Input: An Array A.

Res

ult: A sorted array A.

Insertion-Sort(A)
for j=2 to A.length do

end

key = A[j];

// Insert A[j] into the

sorted sequence A[l .. j-1];

i=j-1;

while ¢ > 0 and A[i] > key do
Ali+1] = Ald];
i=1-1;

end

Ali+ 1] = key ;

// cost
/! a
// e
// 0
// ey
/! cs
// Cg
// Cr
!/l cs

times
n
n-1
n
n-1
n .
SUMY_ot

sumy_y(t; —1)
sumy_,(t; —1)

H177 Insertion-Sort /Z3FIEIE (non-recursive) L, i LU IR A6 3 A& A TIRE ] (3l
IRF MR
Algo. 3.2 ] ¢;: RRMAT, TAE o TR PBRAEAT, 0=1,2,4,...,8. t;: &R line 7, 7E
3=2,3,...,n W, PUTTIEA KB
% T(n): &/~ Insertion-Sort ZEHIA n fE{H FAYEEFTIRE ], FRATATHE Algo. 3.2 BFIAY cost
Fl times [ FEFEA TS 2]

(J&3C: T'(n) is the running time of Insertion-Sort on an input of n values, we sum the products of the

cost and times columns to obtain.)
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ST(n)=cn+ce(n-1)+c(n-1)+es Xioti+ce Nig(tj —1) +cr Xig(t; —1) +cg(n—1)
=cmn+cea(n—1)+cy(n-1)+ 05(@ -1)+ cﬁ(@ -1+ w(@ -1)+eg(n-1)

= (22 4 (e +epHeg + (W)+08)n—(02+04+c5+08)

=an’+bn+c

=0(n?)

B, A8 INAEYE” 45, Insertion-Sort FEA TR (SR R FERD) 4 0(n?).

3.2.2 ERAEE ST Merge-Sort B IE i E2iE 1TRFE (running time)

7 BA U T 8 B BL 2 B Merge-Sort(Algo. 3.3) Z A, SE/#— T Merge-Sort [U&EET 7
Merge-Sort & divide-and-conquer 777, #atH A ATIEIE (recursive) J#E7% ,
EF 3.2 (divide-and-conquer 75i%)
1# A divide-and-conquer, A% TiEi@iE ke 3 18 Bk
FHE. MM B SET R, 2T PR R ARG BT,

( [/& X ] Divide the problem into a number of subproblems that are smaller instances of

the same problem. )
B R 2. BB MR MR, RAERF M, L, R A KRS, AR ARSI L
BB XTI AL
([/& X] Conquer the subproblems by solving them recursively. If the subproblem sizes
are small enough, however, just solve the subproblems in a straightforward manner. )
BER 3. MF PR Y RS R 4G P LAY iR

([/& ] Combine the solutions to the sub-problems into the solution for the original prob-

lem.) ry

Merge-sort(Algo. 3.3) 1B Y REIY [ &, A AR E) plole /N F R (1 Algo. 3.3
(1) line 3, HHARUGKHFIE I/ NNI—F), HEIFREK/NES/ME (Flin. JFET 2 foR
%), ez, TEMFI RIS Merge(Algo. 3.4) FEEHIE/INE EE ) AH AR 2k, 15381z L HE P 45
b

Merge(Algo. 3.4) Bl merge-sort(Algo. 3.3) A LA lE Bl 3.1 B [i6] 3.2 Fri a5, sk T
f# merge Hi merge-sort FJIFFE

[ 58 Merge-Sort HJIEFETHE]:

- Merge-Sort #E1E 1Y Merge(Algo. 3.4) R 5EMHT . . HEGE Merge [ loop invariant
RpwT

AEE 1. WA 1EE R A Merge(Algo. 3.4) line 15-23 1 for loop ZHij k = p, FrLLT
FiZ) Alp..k - 1] %25 (G FESE T HET LB, BT ARG B R8T ) . 2SI Bz
HLER, 0(k-p=0)F/NCRH i=;j=1, L[i] ¥ R[j] & L B R [51] i RALHE] A 1
H/NHTTE
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Algorithm 3.3: A merge-sort algorithm.

Input: An Array A. Two indexes are p and 7.
Result: A sorted array A.

1 Merge-Sort(A, p,r)

2 if p < r then

3| q=(p+r)/2];

4 Merge-Sort(A, p, q);

5 Merge-Sort(A, g + 1,7);
6 Merge(A,p,q,7);

7 end

Algorithm 3.4: A merge algorithm.

Input: An Array A. Three indexes are p, ¢ and 7.
Merge(A,p,q,7)
ni=q-p+1;
N =7T-—4gq;
Let L[1..ny + 1] and R[1..ny + 1] be new arrays;
for:=1ton; do
| L[i]=A[p+i-1];
end
for j =1ton, do
| R[j]=Alg+j];
end
L[ny + 1] = oo;
R[TLQ + 1] = 00,
1=1;
J=1
for k=ptordo
if L[] < R[j] then
Alk] = L[i];

1=1+1;

N-T-CRE - L I L I S

ek e e e e e e
® QA A N B W N =S

else

N
S e

Alk] = R[j];
j=7+1
end

NN
[

end

[}
w

9
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8 9 10 11 12 13 14 15 16 17 8 9 10 11 12 13 14 15 16 17
k k
1 2 3 45 1 2 3 45 1 2 3 45 12 3 45
L[2]4]s]7]~] r[1]2]3]6]=] L[24]5[7]=] =[E2][3]6]~]
i J i J
(a) (b)
8 9 10 11 12 13 14 15 16 17
k
1 2 3 4 5 1 2 3 4 5
L @4[5[7]=] =[E2]3]6]=]
i J
(©)
9 10 11 12 13 14 15 16 17
BEILIEE .

9 10 11 12 13 14 15 16 17
T2 [4T5 617 T

5}
3.1: A merge example. The operation of line 13-23 in the call Merge(A,p = 9,¢ = 12,r = 16),
when the subarray A[9..16] contains the sequence (2,4,5,7,1,2, 3,6).

sorted sequence

(1 2 2 3 4 5 6
/ merge \

1 2 3 6]

merge \ / merge \

i3 G

‘]
S S e e
] [ [ [ O B [ [

initial sequence

(o]
I
w

il

W
[N)
s
N

3.2: A merge sort example. The operation of merge sort on the array A = (5,2,4,7,1,3,2,6). The
lengths of the sorted sequences being merged increase as the algorithm progress from bottom to top.

10
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R 2. HERFRI: AEHEA Merge [ for loop(Algo. 3.4 line 15-23) 1%, 15, &% L[i] < R[j]-
L[i] s&miA$E Rlnl A itk W Alp k-1148 k-p (= (k-1)-p+ 1) /TR, H
TE Merge(Algo. 3.4) line 17 1%, ¥ H L[i] 8] A[k] &, FF5) Alp.k] B&F k-p+ 1 HE/JT
%, HIEHY k(Merge(Algo. 3.4) line 15) B i(Merge(Algo. 3.4) line 18), Tl A[p..k] HEFFCHE
FEEYE, 8% L[] > R[j], RIBUAT Algo. 3.4 line 20-21, F-Fiig] A[p. k] W 24EFC HF B IE,
AR OT

Step 3. #UEWRAIF: BUERIFR k= r+ 10 IR, Alp.k-1]=A[lp.r] 8% L[1.ny + 1] B
R[l.ng+ 1], k-p=r-p+ 1 ACHIFE/NTER, LE REE ni+ny+2=r-p+3fHIT
. L, BRT 2 HEKEEEILE (L + 1) 8 R[ny + 1)), HAR KRB EE HiE A HHy
e S RE Merge-Sort T8 557 1Y 1 fEM: SRR

[ 447 Merge-Sort FIIET TR

Merge-Sort s&FRH divide-and-conquer 7%, &at i [ 818 | 5L, PR [ %
A |, 2 A3 BT Merge-Sort BUTEA TR . ZEBIUR T Z AT, JEERE T(n). D(n) B C(n) £F
95 AREBISHT Merge-Sort HGEFT IR R 20T

(1) ifn<e,
T(n) =
aT(n/b) + D(n) + C(n) otherwise.

ke .

o T'(n): FErnfift PR/ INAy n Bras A A TIRE ] o 40 SR R R AR 2 %408 (n < some constant
o), /NRIREE AR RE (0. HEP 2 foTs), W AR BRI iSRS
2001,

([J5{3C] the running time on a problem of size n. If the problem size is small enough, say n < ¢
for some constant c, the straightforward solution takes constant time, which we write as 6(1).)

o D(n): FfF A B A 1A, Frids AYIRER
([J5{3C] time to divide the problem into subproblems.)

o C(n): Fonis T IR A G USSEMIRE RO, PIras AOIRE R
([J5:3(] time to combine the solutions to the subproblems into the solution to the original prob-

lem.)

Merge-Sort 1IEFTR ] T'(n) 7347

o &l RNk, REEMEPHYI—T) (Algo. 3.3 line 3), — Ay —AHE/INY T AL
FrLk D(n) =6(1),
(/R3] Divide: The divide step just computes the middle of the subarray, which takes constant
time. Thus, D(n) =6(1).)

o MEAR: FRATEIE Hh fifp PR IR 1 FAVRE, AR T PR R RN R /2, S8 BHEA TR R EURR T
2T (n/2).
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([J5i3C] Conquer: We recursively solve two subproblems, each of size n/2, which contributes
2T (n/2) to the running time.)

o A MMCATEES], 18 n TR TR I, Merge MFET AL LI 0(n), KL
C(n)=0(n).
([ 3] Combine: We have already noted that the Merge procedure on an n-element subarray
takes time 0(n), and so C'(n) = 0(n).)

JIrLA, Merge-Sort A THRERI AT AR B, T AIBEEA T
. {9(1) iy ifn=1,
2T (n/2) +0(1) +0(n) =2T'(n/2) +0(n) =2T(n) +cn  if n> 1.

etk , R R A T (n) = 27 (n/2) + cn, WNE 3.3 LIS Merge-Sort Fx & i1 TR I ()
R O(nlgn).

T(n) cn cn
T(n/2) T(n/2) cn/2 cn/2

AYA

T(nid)  T(n/4) T(id)  T(nid)
(a) (b) ©

CNI2 e =i cn

LA

cnl4 cnl4 cnl4 cnfd e cn

AR AN

c c c c c LR} c c el cn
@ Total: cnlgn+cn

3.3: How to construct a recursion tree for the recurrence 7'(n) = 27(n/2) + cn. The total cost is
enlgn+cen=60(nlgn)



